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Kinetic model of random DNA cleavage by radiation
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Department of Physics, The George Washington University, Washington, D.C. 20052
(Received 16 June 1997

A kinetic model of random DNA cleavage induced by radiation is presented. The method is distinct from the
commonly used combinatoric technique orginated by Montroll and Simha some time ago. To demonstrate its
flexibility, application is made to fragmentation of ring molecules. Having an alternative way of describing
random scission processes should be of some benefit in formulating more detailed models.
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PACS numbeps): 87.10+e, 87.50-a

[. INTRODUCTION sume that the molecule is made of segments of minimum
length 6, and that the initial molecules have lengitd,
Advances in the ability to observe directly the radiation-wheren is an integer. LelN; be the number of DNA mol-
induced DNA double-strand breakages have generated recule fragments present at a particular time having a length
newed interest in describing the mechanisms for such breaks. Initially, all N; are zero excepN,,, which starts as the
ages and their repair. With atomic-force microscopes, it igotal number of DNA molecules present in the initial vol-
possible to see fragmented DNA strands and measure thaime, which is taken abl. As the molecules are irradiated,
lengths with resolutions on the order of a nanomgtérThis  the change in the number of molecules having lenigth
ability gives us a new window to see how direct and indirectcomes about from two mechanisms: an increase from cleav-
radiation damage is inflicted onto genes. age of larger molecules and a decrease due to cleavage of the
An important observable that a radiation-damage theorynolecules of lengthé . For uniform radiation of randomly
can predict is the distribution of fragment lengths created bydistributed molecules all equally exposed to the radiation, the
a given exposure and given environment. There is an extenate of cleavage of the molecules of lenghwill be pro-
sive literature in which statistical methods are used to deportional to the number of possible cleavage points].
scribe DNA fragmentation by radiation both vitro andin  (For simplicity, fixed length monomers and equal probability
vivo, including an account of microdosimetry with given mo- for site breakage is taken. These assumptions can be relaxed
lecular geometrief2]. These works focus on understanding without reformulating the methodA single cleavage of the
the details of radiation-induced damage using mechanistimolecules of length longer thains, say ké, will have an
descriptions of radiation-track formation and subsequent efequal chance to make fragments of length fratnto
fects in biologically active molecular system. (k—1)6. From the set of such single-cleavage possibilities
This paper presents an alternative starting point for thef a given molecule, two of this set will produce segments of
description of fragmentation processes based on their timgngthi 5, adding to the number with this length.
evolution. The intention is not to replace more detailed mod- |t follows that
els, but rather to suggest a different way to think about the
physics of the processes. Some examples are more easily dN, n
formulated in terms of this “kinetic” model. For the case of i —(i—DrN;+2r 2 N, (2.7)
an initial distribution of fixed length chains of monomers k=itl
(nucleotideg the model agrees with the results of Montroll
and Simhd 3] who used a completely different method based
on statistical combinatorics. As an example of the flexibility
of the present kinetic formulation, the fragmentation distri-
bution for an initial set of ring plasmids is also derived.

wherer is the rate at which the given radiation causes a
cleavage at a given site of the DNA molecule. In particular,

dN,

Tt (n—1)N,,

Il. CLEAVAGE OF LINEAR MOLECULES dN,_,
n—

Consider an initial volume of DNA molecules dispersed rat (N7 2Na-1+2Nn,

in a sample volume of target material, such as a water solu-

tion. If this volume is irradiated, causing locally deposited dN,_,

energy sufficient to break both backbones of the double helix g~ (N7 3)Np—2+2(Np—1+Np),

(directly or indirectly, then cleavage will have some prob-

ability of occurring.(Here, direct break up refers to cleavage

caused by energy deposited onto the DNA from primary and

secondary radiation while indirect break up includes energy dN

transferred from nearby ions and radicals created by the ra- i O

diation) To model the radiation-induced cleavage events, as- rdt 2 (Nz+Ng+ -4 Np). 2.2
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The solutions for theN; that satisfy the initial condition&at
t=0)

Nn(0)=N, (2.3
N;(0)=0 for i<n

can be found in a straightforward manner, starting Wth
and leading to

Nn:Ne*(n*l)rt,
Nn71=N(_Zef(nfl)rt_‘_ze*(n*Z)rt),
Nn,2=N(l ef(nfl)rt_4ef(n72)rt+3ef(n73)rt),

Nn,3=N(267(n72)n— 6e7(n73)rt+4e7(n74)rt),

N,=N[(n—1)e "—2(n—2)e 2"+ (n—3)e 3"],
N, =N[2(n—1)(1—e" ™)~ (n—2)(1—e"2")] (2.4
or, in general,

N,=N[ 8, (n—1—1)e"(+Dt_2(n—])e '

+(n—I+1)e (-Drty, (2.5
where?n, excludesn=lI, i.e.,?mz(l—ém), and &, is the
Kronecker delta. Note that dsapproachese,

N;—0 (I>1), Ny(t)—nN, (2.6

so that after sufficient time, all of the originl molecules
have been divided inta segments of lengtld. These solu-
tions also satisfy

Zl IN,(t)=nN 2.7

for all timet, showing that the total length of all the broken
segments remains unchanged. Atomic-force microscopy can
be used to determinid, by direct measurement. Techniques
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N,=N(1—a)" L. (2.10
Equationg2.9) and(2.10 agree precisely with the results of
Montroll and Simha[3]. (See also the related works of
Sakurada and Okamufd] and of Charlesby5].) However,

the above derivation is far simpler than the combinatorical
methods used by Montroll and Simha. Their paramatghe
average fraction of cuts in each original molecule, i.e., the
frequency of cleavage, can be given the physical interpreta-
tion as the probability of molecular cleavage at a given site.
In turn, the probability that a given site remains uncleaved is
the inverse exponential of the “cleavage numbatt;'which

is the product of the rate of cleavage of a given site and the
exposure time. The Appendix makes a connection between
the radiation dose and the cleavage nuntber

Ill. CLEAVAGE OF PLASMIDS

Suppose the DNA starts as a ring plasmid of fixed circum-
ferencen s, which can be broken by the radiation ratvul-
nerable sites. Then the supply of two-ended lengths after
irradiation comes from double-strand breakage of these plas-
mids. Taking the rate of plasmid breakage proportional to the
number of possible breakage sitas the number of still-
unbroken plasmids at timewill be

Nring: Ne ", (3.1
wherer is again the rate of double-strand breakage due to
radiation when only a single site near or on the DNA is
exposed. LetN, be the number of fragments of length
produced by the breakup of the plasmids. This number
changes by loss through thie{1) ways for further cleavage
and from breakup of larger fragments, there being two ways
to produce lengthé from lengthské (n=k>1). Thus

that separate fragments according to their molecular weightfhese have the explicit solution

such as electrophoresis, determine the distributjeniN, .

From the form of the predicted number of original lengths

(havingn—1 cleavage sitgs
Ny=N(e™™",

the expressioe "

may be interpreted as the probability that

%=—(|—1)N|+2(N|+1+N|+2+...+Nn) (3.2
for I<n, while
dN,
rat =~ (M= DNt nNring. (3.3
lenN(e_(H—l)rt_ze—lrt+e—(|—1)rt) 3.4
for I<n and
N,=nN(e ("~ Drt—g-nrty, 3.5

a given site is not cleaved by the radiation. The probability aAs expected, th&l, satisfy conservation of segment length at

given site becomes cleaved is then

a=1-e ", (2.9

so that from Eq(2.5 the number of segments present with

lengthl (for I<n) is
N=Na(l—a) " 2+(n-1-1)a] (2.9

while for [=n,

all times given by

n
> INj+nN;pg=nN. (3.6)
I=1

In terms of the average fractiom of cuts per molecule
[the samex introduced in Eq(2.8)],

N;=nNe?(1—a)' 1, (3.7
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N,=nNa(l—a)" 1, (3.9 probability. This will allow us to express the fragmentation
numbers in terms of the radiation suffered by the sample. At
and this stage, a simple but reasonable target model will be taken
in order to make the relationships clear.
Nring=N(1-a)". 3.9 Consider dividing the sample infel volumes(“sites”),

each of sizey, small enough so that, if radiation of sufficient
energy is deposited into one site surrounding a location on a
DNA molecule, it will cause a cleavage of the DNA. Sup-
rt pose the radiation generates localized deposition events
=—4nNrte "sin? =, (3.10 randomly distributed throughout the sample and of sufficient
2 energy to cause a cleavage. The probability that a given site
is hit exactlyk times by the firsk events will be (1¥).
he chance that the remainingn(-k) radiation events hit
the other sites is (3 1/M)™ k. But thek events on a given
site may have occurred interspersed in time amongnthe
depositions events. There aren{k+1)(m—k+2)---m

The slope of the fragment population as a function of
length becomes

AN,
Al

which is always negative and diminishes toward zero for th
longer-length fragments.

The number of split but unfragmented molecules initially
grows linearly with the cleavage rate,

N, =nNrt— L nNr2t3(2n—1) ways in which an ordered set of theevents in the given site
h ? could have occurred among the remainimg—<(k) events
+ 1nNret3(3n2—3n+1)---. (3.10) that did not hit the given site. Any ordering of tkeevents is

equivalent, so that the number of ways that an unordered set
Interestingly, for low doses, the population of fragmentsof the k events can occur isnf—k+1)(m—k+2)---m/k!.
does not have the first-power dose dependence of the lineaFherefore, the probability that a given site experiences ex-
molecule case, but rather starts with a quadratic behavior iActly k hits afterm events amongy loci is

re:
1 k 1 m—k
(1— —) , (A1)

M

m
Ny=nNrit?(1—Irt +--) (3.12 P=1 M

for I<n andlIrt<1. In the case for which two localized

radiation events are required for double-strand breakage, Where {) is the binomial coefficient. The probability that a
will be proportional to the square of the dogsee the Ap- given locus is hit one or more times will be

pendix, soN,; will have a quatrtic initial dependence on dose.

1 m
1- —) (A2)

m
= 1—
IV. CONCLUSIONS IZl Pk M

A kinetic model of DNA cleavage induced by radiation is
a useful alternative to the standard combinatoric modeland the probability that it is hit two or more times will be
When applied to linear molecules, it agrees with the
1\m1 (m—1)
1-— 1+ . (A3)

combinatoric-statistical theory of Montroll and Simha. The m

kinetic-model method is quite flexible, allowing the inclu- 2 p=1- M M
sion of different rates of cleavage along a given molecule k=2
and a variety of initial states. For example, the fragmentation o ) _ _
population produced by irradiating DNA plasmids can be _If only one_hlt_ in a localized volume is required to cause
described. Direct measurement of fragmentation lengthddirectly or indirectly a cleavage of DNA, then the
now possible with atomic-force microscopy, lets us see diMontroll-Simha parametew, i.e., the probability that a
rectly how the fragment population depends on dose, an@liven site is broken, becomes

therefore we can unambiguously answer under what circum-

stances double-strand breakage of DNA by radiation is _ 1\m
dominated by single-hit events and when double events a=1- 1_M : (A4)
come to play.
If two or more hits are required, them becomes
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APPENDIX: FRAGMENTATION AND DOSE rit= mln(m> ~M (A6)

In this appendix, a connection is drawn between the ra-
diation dose given to a sample of DNA and the cleavageand
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1 m-—1 (A7), determine the dependence of the DNA fragmentation

r2t:(m—1)ln(m)—ln 1+ W) numbers,N, [Egs. (2.9—(2.10, (3.7-(3.9)], on radiation
dose. In terms of the frequency of cleavage(even if

m ( m m?2 pvD/e is not small,

~——In| 1+ —|~—, A7
M MJ  2m2 (A7 a;=1—e #Pa (A12)
where the last approximations follow by takidg>1 and and
M= m>1. - _ . ap=1—e PP'*2(1+ ppDle,). (A13)
Now the doséD of radiation left in the sample is the total 2 2

energy deposited per unit mass of sample. The number aof pyD/e<1 (low dose$, then a;~pvD/e; and

localized energy deposits left in the sampte, should be  a,~(pvD/e,)?/2. The ratioa/D will be constant with dose
proportional to the dose over a wide range of exposures agor a given sample only for small doses and only in the case

M

m= ?D, (A8)

of single-event cleavages.
To appreciate the size of these numbers, let us estimate
the magnitude of the expression in E410). Suppose DNA

) ] ] molecules are in a water solution and are given a dose of 100
where M is the mass of the sample aads defined by this gy The density p is approximately that of water,

relation and measures the energy needed for a double-strag kg/m?. Note that the volume is not the size of the

cleavage. From this connection between dose and number giimary and possible secondary ionization volumes covering
localized energy deposits, the rate of site cleavage will bey jonization track, but rather the volume surrounding a
proportional to the dose if only a single hit is needed. InpNA sjte, which, if sufficient energy is deposited within,

contrast, if two hits wit_hin a given s_ite are needed, then thg.5,,ses cleavage. If we take the radius of the interaction vol-
rate of site cleavage will be proportional to the square of th§, e to be 5 nm. them will be approximately 1025 m?.

dose. If the sample has mass dengitythen

. m puvD
making i

M
M=—, (A9)
pv

&

It then follows from Eq.(A6) that

rit= ,
1 €1

(A10)

while, if M>m, Eq. (A7) gives

1/ pvD
rt= >

2

(A11)

€2

Now take the effective energy needed in the volume to
cause a double-strand break to be 25 €Vhe threshold
energy has been measured to be about 8 eV for photons, with
20 to 30 eV needed for electrofg].) Thenr,t~0.01. With

the cleavage numbet much less than Irt will be close to

the average fraction of cuts. Even so, the number of pos-
sible cleavage sites along a DNA molecule can be much
larger than 18, so that the exponents in E¢&.5) and(3.4)
must be used for the large fragments-f), rather than their
smallrt approximation. Measurements for gamma-ray irra-
diation of mammalian DNA give rather small values for
Friedl [7] reportsa/D in the range (6:2)x 10 ° double-
strand breaks per Gray per base-pair. With an effective en-
ergy deposit of 8 eV, the radius of the interaction volume if

Since, under the second scenario, two or more energy depolsreakage had been dominated by a single-hit would be under

its are needed for cleavage, the averageshould be about

half of £,. The expressions fatt, given in Eq.(A6) and Eq.

0.2 nm while a double-hit breakage at 100 Gy would give an
interaction radius near 2 nm.
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